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Abstrat
In this paper we study properties of a ertain bilinear form on nite
dimensional sl2(R)-modules, and how these properties behave with re-
spet to tensor produts of modules. An attempt to determine the
signature of this form leads to an interesting identity for the hyperge-
ometri series 3F2, whih is known as the Karlsson-Minton identity.
1 Introdution
Let X,Y,H be the standard basis of the Lie-algebra g = sl2(R). These
elements satisfy the following dening relations:
[X,Y ] = H, [H,X] = 2X, [H,Y ] = −2Y. (1)
Furthermore, let ∗ be the anti-involution on g given by
X∗ = X, Y ∗ = Y, H∗ = −H. (2)
Let V be a nite dimensional vetor spae over R, and Q be a
non-degenerate symmetri bilinear form on V . A ∗-representation of
g is a representation ϕ : sl2(R)→ gl(V ) suh that
Q
(
ϕ(x)u, v
)
= Q
(
u, ϕ(x∗)v
)
for all x ∈ g, u, v ∈ V . We will say that V is a ∗-representation of
g with respet to Q, and write xv instead of ϕ(x)v. Given two ∗-re-
presentations U and V , with respet to the bilinear forms Q and R
respetively, the tensor produt U ⊗ V is also a ∗-representation, with
respet to the indued bilinear form Q⊗R.
For m ∈ {0, 1, 2, . . . }, denote by Vm the (m+ 1)-dimensional irre-
duible representation of g, whih has the basis {e−m+2i | 0 ≤ i ≤ m},
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and where the ation of our generators in this basis is given by the
following formulae (for simpliity, we assume e−m−2 = em+2 = 0), see
[FH, Setion 11℄,
Hem−2i = iem−2i,
Y em−2i = em−2(i+1),
Xem−2i = i(m− i+ 1)em−2(i−1).
(3)
Let m,n ∈ {0, 1, 2, . . . }. Let further Q and R be non-degenerate
symmetri bilinear forms on Vm and Vn respetively, whih make these
representations of g into ∗-representations.
For 0 ≤ k ≤ min{m,n}, let P−m−n+2k denote the kernel of Y when
ating on the weight subspae of Vm⊗Vn of weight −m−n+2k (whih is
by denition the set of all v ∈ Vm⊗Vn suh thatHv = (−m−n+2k)v).
The form Q ⊗ R indues the following symmetri bilinear form on
P−m−n+2k:
ωk : P−m−n+2k × P−m−n+2k → R
(v,w) 7→ Q⊗R(v,Xm+n−2kw)
(4)
The following question was formulated by K.-H. Fieseler in onnetion
to the study of Hodge-Riemann relations for polytopes, see [BBFK℄.
Question: Are the forms ωk positive/negative denite, alternating
with k, 0 ≤ k ≤ min{m,n}?
In [BBFK℄, this question is answered using some abstrat argu-
ments. In this paper, we propose a brute-fore solution based on ex-
pliit alulation. The advantage of the latter method is that it leads
to an identity for the hypergeometri series 3F2, whih is known as the
Karlsson-Minton identity [M, K℄. We refer the reader to [PWZ℄ for a
survey on hypergeometri identities. It is interesting to see suh an
identity arise from representation theory of Lie algebras.
This is the seond draft of this paper, and when writing the rst
draft I was not aware of the previous ourene of the identity in
[M, K℄. I would like to thank Hjalmar Rosengren and Mihael Shlosser
for pointing this out to me.
In Setion 2, we show how the positive answer to the above question
redues to a 3F2 identity. This essentially amounts to determining
the sign of ertain Clebsh-Gordan oeients of the tensor produt
Vm⊗Vn. For a more general treatment of determining Clebsh-Gordan
oeiets, see [VK, Chapter 8℄.
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2 Solution of the problem
Let m ∈ {0, 1, 2, . . . } and Q : Vm × Vm → R be a non-degenerate
symmetri bilinear form suh that Vm beomes a ∗-representation with
respet to Q.
Lemma 1. The bilinear form Q satises the following:
(i) Q(ei, ej) = 0 for all i 6= −j ∈ {−m,−m+ 2, . . . ,m− 2,m}.
(ii) Q(ei, e−i) = Q(ej , e−j) for all i, j ∈ {−m,−m+ 2, . . . ,m− 2,m}.
Proof. From (2) we get that
iQ(ei, ej) = Q(Hei, ej) = Q(ei,−Hej) = −jQ(ei, ej)
for all i, j ∈ {−m,−m+ 2, . . . ,m− 2,m}, so Q(ei, ej) = 0 provided
that i 6= −j. This proves (i).
Furthermore,
Q(ei, e−i) = Q(Y ei+2, e−i) = Q(ei+2, Y e−i) = Q(ei+2, e−i−2)
for all i ∈ {−m,−m+ 2, . . . ,m− 2}. This proves (ii).
Reall from [FH, Setion 11℄ that for m,n ∈ {0, 1, 2, . . . } we have
Vm ⊗ Vn = V|m−n| ⊕ V|m−n|+2 ⊕ · · · ⊕ Vm+n. (5)
In partiular, we an depit the expliit basis and subspaes Pi's in
the module Vm ⊗ Vn as follows:
−m−n −m−n+2 −m−n+4 m+n−4 m+n−2 m+n
· · ·
· · ·
· · ·
⊕
⊕
...⊕
|m− n |−|m− n |
P−m−n
P−m−n+2
P−|m−n |
Xm+nP−m−n
Xm+n−2P−m−n+2
X |m−n |P|m−n |
Dimension
m+ n+ 1
m+ n− 1
...
|m− n |+ 1
To distinguish the bases of Vm and Vn we assume that the set
{e−m, e−m+2, . . . , em} is a basis of Vm and {e˜−n, e˜−n+2, . . . , e˜n} is a
basis of Vn. Let Q and R be symmetri bilinear forms on Vm and Vn
respetively, whih make these representations into ∗-representations.
By Lemma 1, there exist q, r ∈ R suh that Q(ei, e−i) = q and
R(e˜i, e˜−i) = r for all appropriate i.
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The subspae of Vm⊗Vn of weight −m−n+2k is spanned by the
vetors
e−m ⊗ e˜−n+2k, e−m+2 ⊗ e˜−n+2(k−1), . . . , e−m+2k ⊗ e˜−n. (6)
Lemma 2. For eah 0 ≤ k ≤ min {m,n} the vetor
b−m−n+2k =
k∑
i=0
(−1)ie−m+2i ⊗ e˜−n+2(k−i).
forms a basis of the vetor spae P−m−n+2k.
Proof. From the deomposition (5) it follows that dimP−m−n+2k = 1.
Hene, to nd a basis of P−m−n+2k it is suient to nd a non-zero
element of weight −m− n + 2k in Vm ⊗ Vn annihilated by Y . As the
vetors from (6) form a basis of the (−m − n + 2k)-weight subspae
of Vm⊗ Vn, the latter problem redues to the solution of the following
system of linear equations with unknowns ai's:
0 = Y
( k∑
i=0
ai e−m+2i ⊗ e˜−n+2(k−i)
)
=
k∑
i=0
ai
(
Y e−m+2i ⊗ e˜−n+2(k−i) + e−m+2i ⊗ Y e˜−n+2(k−i)
)
=
k−1∑
i=1
(
ai e−m+2(i−1) ⊗ e˜−n+2(k−i) + ai e−m+2i ⊗ e˜−n+2(k−i−1)
)
+ a0 e−m ⊗ e˜−n+2(k−1) + ak e−m+2(k−1) ⊗ e˜−n
=
k−1∑
i=0
(ai+1 + ai) e−m+2i ⊗ e˜−n+2(k−i−1).
This implies that ai = −ai+1 for all i, and the laim follows.
To proeed we will need the following key result.
Lemma 3. For all integers k, l,m, n with 0 ≤ l ≤ k ≤ min {m,n}, the
following identity holds
min(k,m−l)∑
i=max(0,2k−l−n)
(−1)i
(m−i)! (n−k+i)!
i! (k−i)! (m−l−i)! (n+l−2k+i)!
= (−1)k+l.
Proof. This identity an be restated as the Karlssor-Minton indentity
for the hypergeometri series 3F2. For a proof of the Karlsson-Minton
identity, see [M℄.
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To simplify the notation, denote sk = m+ n− 2k.
Lemma 4.
Xskb−sk = sk!
k∑
l=0
(−1)k+l
(m− l)! (n − k + l)!
l! (k − l)!
em−2l ⊗ e˜n−2(k−l).
Proof. Diret alulation yields
Xsk b−sk = X
sk
( k∑
i=0
(−1)ie−m+2i ⊗ e˜−n+2(k−i)
)
=
n+m−2k∑
j=0
k∑
i=0
(−1)i
(
m+n−2k
j
)
(Xje−m+2i)⊗
(
X
n+m−2k−j
e˜−n+2(k−i)
)
=
m∑
j=0
m−j∑
i=m−k−j
(−1)i
(m+ n− 2k)!
j! (m + n− 2k − j)!
×
×
(m− i)! (j + i)!
(m− i− j)! i!
·
(n− k + i)! (n +m− k − i− j)!
(k + i+ j −m)! (k − i)!
×
× e−m+2(i+j) ⊗ e˜−n+2(n+m−k−i−j)
= ( substitution: l = m− i− j )
= sk!
k∑
l=0
(m− l)! (n− k + l)!
l! (k − l)!
×
×
( min{k,m−l}∑
i=max{0,2k−n−l}
(−1)i
(m− i)! (n − k + i)!
i! (k − i)! (m − l − i)! (n + l − 2k + i)!
)
×
× em−2l ⊗ e˜n−2(k−l)
= sk!
k∑
l=0
(−1)k+l
(m− l)! (n− k + l)!
l! (k − l)!
em−2l ⊗ e˜n−2(k−l),
where for the last equality we use Lemma 3.
We are now ready to answer the Question from the introdution.
Theorem 5. The forms ωk are positive/negative, alternating with k,
0 ≤ k ≤ min {m,n}.
Proof. Sine P−sk is spanned by b−sk , it sues to verify that the value
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ωk(b−sk , b−sk) is positive/negative, alternating with k.
ωk(b−sk , b−sk) = (Q⊗R)(b−sk ,X
sk b−sk)
= sk!
k∑
i=0
k∑
l=0
(−1)i+k+l
(m− l)! (n − k + l)!
l! (k − l)!
×
×Q(e−m+2i, em−2l)R(e˜−n+2(k−i), e˜n−2(k−l))
= sk! (−1)
kqr
k∑
l=0
(m− l)! (n − k + l)!
l! (k − l)!
,
and the laim follows.
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